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ABSTRACT. In this paper, by consider-
ing the notion of ideals in B L-algebras,
we introduce some special ideals which
are related to a subset of a BL-algebra
and derive some new relations and re-
sults about them. We also define the
concepts of ®-derivation for BL-algebras
and obtain some related results. Fi-
nally, we investigate the connection be-
tween these functions and B L-algebras.

1. INTRODUCTION

B L-algebras, introduced in 1998 by Héjek, serve
as an algebraic framework for basic logic, specif-
ically the logic of continuous t-norms [1]. Due
to the fact that fuzzy logic has made significant
progress in most branches of science and engi-
neering, most researchers prioritized the study of
mathematical fuzzy logic in their research (such
as [2, 3, 4]). Therefore, in this context, Hajek in-
troduced BL-algebras based on basic fuzzy logic.
Notably, they encompass both the kLindenbaum
algebra of equivalent formulas and the algebraic
counterpart of propositional basic logic [1]. On
the other hand, MV -algebras, initially proposed
by C. C. Chang for proving the completeness theo-
rem of Lukasiewicz logic, represents a special class
of BL-algebras [5]. While all MV-algebras can
be classified as BL-algebras, the converse is not
always true. However, Hohle demonstrated that
this holds when the double negation law is satis-
fied, i.e., for every x € L, we have x = 2™~ [6].
Consequently, a BL-algebra can be perceived as
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an algebraic structure such that in general, the
recent equality is not hold in it.

In algebraic structures, filters and ideals are
essential and practical tools. In MV-algebras,
ideals play a fundamental role, whereas in BL-
algebras, filters assume this crucial role.

Despite the vast majority of research on al-
gebraic structures, particularly on BL-algebras,
most of studies have primarily focused on filters.
As a result, the investigation of ideals in BL-
algebras have received comparatively less atten-
tion. C. Lele et al. introduced the notion of ideals
in BL-algebras and emphasized that it is due to
the lack of operation in the rule of double nega-
tion and a suitable operation @ in BL-algebras,
ideals and filters do not exhibit duality [7]. A.
Paad expanded on the concepts of integral ideals
and radical ideals in B L-algebras, leading to novel
findings in this domain [8, 9]. Some authors ob-
tained results from this point of view by using the
concept of ideals (such as [10, 7, 11]).

In this paper, our focus lies on the concept of
ideals in BL-algebras. We introduce some spe-
cial ideals associated with subsets of a B L-algebra
L and derive new relations and results concern-
ing these ideals. Some authors introduced the
concept of ¢-derivations in BL-algebras [12, 13].
We define the notion of ®-derivations for BL-
algebras, investigating their properties and impli-
cations. Furthermore, we delve into the relation-
ship between these functions within the context
of BL-algebras.

To order to provide a comprehensive under-
standing, this paper is structured as follows: In
Section 2, we summarize the basic definitions and
essential concepts. In Section 3, we introduce the
special ideals in BL-algebras and establish theo-
rems and relations about them. Section 4 is ded-
icated to defining the concept of ®-derivatives in
BL-algebras and their properties.

2. PRELIMINARIES

In this section, we will review some key defini-
tions and properties of BL-algebras that will be
utilized throughout the paper.
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Definition 2.1. [1] A BL-algebra is an algebra

L = (L,AV,0,—,0,1) with four binary opera-

tions A, V, ®, — and two constants 0, 1 such that:
BLy: L= (L,A,V,0,1) is a bounded lattice;
BLs: L =(L,®,1) is a commutative monoid,;
BLj3: ® and — form a adjoint pair, i.e., rOt <
s<=r<t—s, foralrstel;
BLy: rAs=ro((r—s), foralrseL;
BLs: (r—s)V(s—r)=1

If (L,A,V,®,—,0,1) is a BL-algebra, for ev-
ery t € L and a natural number n, we define
t—=t—=0andt"=t""'1ot, forneN, t°=1.

The following properties hold in every BL-algebras.

Proposition 2.1. [14, 1, 15] Let L be a BL-
algebra. For all r,s,t € L, and n € N, the follow-
ing statements hold:

(1) ro(r—s) <s;

(2) ros<rAs<rs;
(3) r<sifand only if r —» s=1;
D1l r=rror=1L,r<s—rr—

1=1,0-7r=1;

roOr- =05

r<rTT, 17 =0,00 =1, 0 =1
ro(s—=t)=s—=>r—=t)=(ros) —=t;
Ifr<s,thens—>t<r—tandt—r<

t—s;
(9) r < s implies s~ <r~;
(10) (ros) " =r——0s —, (rAs)”"~ =r—~
ANs™7, (rVs) — =r"~"Vs
(r—=s) " =r"=" —2s

(11) rO(sAt) = (rOs)A(rot), ro(sVi) =
(ros)V(rot);
(12) (rAs)” =r~Vs and (rvs)” =r"As™.

Based on references [14, 6], BL-algebras can
be characterized as distributive lattices. In a dis-
tributive lattice (L, <, A, V), every element r € L
is associated with an element r* € L such that for
any s € L, the following conditions hold: (rAr*)V
s=sand (rVr*)As=s. Such a distributive lat-
tice with these properties is known as a Boolean
algebra. The element r* is referred to as the lat-
tice complement of r. Moreover, the set of all
complemented elements in the corresponding dis-
tributive lattice associated with the B L-algebra L
forms a Boolean algebra, denoted by B(L).

Theorem 2.1. [14, 1] For every r,s € L, the
following statements are equivalent:

(i) r € B(L);

(ii) ror=randr=r"";
(i) rOr=r and r— —r=r;
(iv) rvr— =1;

(W) (r—s)—=r=r;

(Vi) TANs=ros;

Definition 2.2. [7] A subset I of BL-algebra L
is called ideal, if it satisfies:

Ii: Ifr,sel,thenr@s=1r" — s el

Iry: frel,selandr <s, thenrel.

From [7], {0} is the simplest example of ideals,
and for every r € L, r € I if and only if r—— € I.

A proper ideal [ is called the prime ideal of
L if (r - s)- €Ior(s—r)” €l for every
r,s € L. An ideal I of L is called maximal, if it is
proper and no proper ideal of L strictly contains
I,ie., foreveryideal J# I,if I CJ, then J=1L
[7].

Proposition 2.2. [7] A proper ideal I of a BL-
algebra L is a prime ideal if and only if for every
r,s € L, r ANs €l implies that r € I ors € 1.

Theorem 2.2. [7] A set I containing 0 of a BL-
algebra L is an ideal if and only if for every r,s €
L,r—oselandrel implysel.

Definition 2.3. [1] Let L; and Ly be two BL-
algebras. A function A\ : Ly — Ly is called a
BL-homomorphism, if for all r,s € Ly:

Hl: )\(OLl) = OLQ;

Hy: Mr©s)=Ar)© A(s);

Hs: A(r — s) = A(r) = A(s).

Remark 2.1. From [6], if A\ : L1 — Lo is a BL-
homomorphism, then for every r,s € L1 we have:
hi: A(r A s) = Ar) AX(s);

ho: A(rV s) =)V A(s);

ha: A(r™) = (A(r))~;

ha: If r <s, then A\(r) < A(s);

hs: A(r @ s) = Ar) @ A(s).

If \: L1 — Ly is a BL-homomorphism, then
the kernel of A is defined by, ker A = {r € L1| A(r) =
0}.

Theorem 2.3. [7] Let I be an ideal of BL-algebra

L. Define the relation ~; on L byr ~y s r~ O

sel and s~ ®r € I. Then ~g is a congruence on
L

L and = =
and —

L
s}. Moreover, i

{§| r e L}, where%z{sEL\ T~

is a BL-algebra.
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r L r r .
For every 1€ (f) T This means

L
that the quotient BL-algebra T which is con-

structed by any ideal is an MV -algebra [10, Propo-
sition 4.3].

Remark 2.2. [7] For every r,s in BL-algebra L,

P TSy @8 s
(=7 Foef=—"F-amd;=7%
(rr-os), (s-or)el.

r 0 r
S h _ = —= I —_- =
1 We observe that, 7 7 < r e I and 7
j@r*el.

Definition 2.4. [1] Let L be a BL-algebras. Then,
a function f : L — L is called isotone, if r < s
implies that f(r) < f(s), for all r,s € L.

3. SPECIAL IDEALS ON BL-ALGEBRAS

In this section, by considering a subset of a
BlL-algebra L, we introduce some special ideals
and obtain some new relations between them.

Definition 3.1. The set J(X) = {a € L| a —
x =1, for all x € X} is called the adjoint of X,
where X is a subset of BL-algebra L.

Example 3.1. Let L = {0,a,b,1} with 0 < a <
b < 1. Define “® ”and “— 7 as follows:

©|0 a b 1 =10 a b I
o0 0 0 0 0|1 1 1 1
a |0 0 a a ala 1 1 1
b|0 a b b b |0 a 1 1
110 a b 1 110 a b 1

1t is easy to see that (L,\,V,®,—,0,1) is a BL-
algebra. Let X = {0,a,b}, Y = {b,1}, Z = {b} be
three subsets of L. So we conclude that J(X) =
{0}, J(Y) ={0,a,b} and J(Z) ={0,a,b}.
Proposition 3.1. Let X be a subset of a BL-
algebra L. Then J(X) is an ideal of L.

Proof. Since 0 — r =1, forallr € X, 0 €
J(X) and J(X) # ¢. Let s € L, t € J(X) and
s <t. Thent — r =1, forall r € X. By
Proposition 2.1(8), can write t — r < s — r, for
all » € X. This means that 1 < s — r and s —
r=1,1ie, s € J(X). Now suppose s,t € J(X).
We claim that s @ ¢ € J(X). In other words,
s@t — r = 1. Suppose it is not, i.e., sOt — r # 1,
then s @t > r. Therefore r < s~ — t. Then

r® s~ < t. By Proposition 2.1(8), we conclude
t = r <r®s” — r. But by assumption ¢t € J(X),
then t — r = 1. This means that 1 <r© s~ —r
and this is a contradiction. Therefore J(X) is an
ideal. O

Theorem 3.1. Let L be a BL-algebra and X,Y C
L. Then:
(i) If X CY, then J(Y) C J(X);
(i) J(XUY)=JX)NnJ(Y);
(ii5) t € J(X) if and only if ™ — x =1, for
every x € X andn € N.

Proof. (i) Let a € J(Y). Then a — y = 1,
for every y € Y. We suppose that ¢ € X. Since
XCY, teY, ie,a—t=1,thus, ae J(X).
(i) By (i), J(X UY) C J(X) and J(X UY) C
J(Y). Therefore J(XUY) C J(X)NJ(Y). Now, if
t is an element of the second side, thent — z =1
andt -y =1forevery x € X andy € Y. We
get t -+ c=1forevery ce X UY.

(iii) Let t € J(X). Then t — z = 1, for every
z € X. From Proposition 2.1(10), t" —
t"tot) -z =t"1 - (t - x). There-
fore t" — z = t""! — 1 = 1. Conversely, if
t" — x =1, for every n € N, then, t -z =1. O

We define the set J(X,) by J(X,) = {b €
L| (b = a)- € J(X)}, for every subset X and
element a in BL-algebra L. It is clear that 0,a €
J(X,). In Example 3.1, J(X,) = {0,a}, J(Ya,) =
{0,a,b,1}.

Proposition 3.2. Let L be a BL-algebra and
X C L. Then J(X,) is an ideal of L.

Proof. 0 € J(X,). Let ¢ € J(X,) and b < c.
Thus (¢ = a)~ € J(X). By Proposition 2.1(9),
c—>a<b—-aand (b - a)” <(c—= a).
Since (¢ — a)” € J(X) and J(X) is an ideal,
(b—a)” € J(X), ie., be J(X,).

Now suppose b,c € J(X,). Similar to the proof
of Proposition 3.1, it can be shown that b @ ¢ €
J(X4). Then J(X,) is an ideal. O

Theorem 3.2. If L is a BL-algebra and a,b are
elements of L, then the following statements hold
for every subsets X,Y of L:
(i) J(X) C J(X¢), for every t € X;
(ii) If a < b, then J(X,) C J(Xyp);
(iii) If J(X) C J(Y), then J(X,) C J(Ya,);
(iv) J(Xa)NJ(Yy) = J(XUY),), J(Xa)U
J(Ya) = J(X N Y)a).
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Proof. (i) Let b € J(X). Then by Defini-
tion 3.1, b — z = 1 for every x € X. Therefore
b —t =1. We conclude that, (b - t)~ =1~ =
0€J(X), ie., be J(X,).

(i) Let r € J(X,). Then, (r — a)~ € J(X).
Assuming a < b. Then by Proposition 2.1(8),
r — a < r — bfor every r € X. Therefore
(r = b~ < (r = a)” for every r € X. Since
J(X) is an ideal, (r — b)~ € J(X). This means
that r € J(X)p.

(iii) Let t € J(X,). Then (t — a)~ € J(X) C
J(Y). Thus (t = a)” € J(Y), ie., t € J(Y,).
(iv) We know J(XUY) = J(X)NJ(Y) C J(X), J(
Y). By (i), J(XUY),) C J(X,), J(Ya). There-
fore J(X UY),) C J(X,) NJ(Y,). Conversely,
let t € J(Xo) NJ(Y,). Then t € J(X,), t €
J(Y,). This means that, (t = a)” € J(X), (t —
a)~ € J(Y), hence (t - a)~ € J(X)N J(Y), i.e.,
t € J(XUY),). In the similar way, it is clear
J(X) UJ(Ye) = J(X N1 Y)a). O

Definition 3.2. Let L be a BL-algebra and X C
L. We define the set D(X) by D(X) = {a €
Ll a0 — z =1 for all z € X} and we call
double adjoint X .

Example 3.2. We consider the BL-algebra L in
[6, Example 8.5]. It is clear that, 0=~ = 0,a"~ =
b-"=c  =¢,d " =dande = f =1.
Let X = {f,e}. Then D(X) ={0,d} and D(a) =
{0}.

Proposition 3.3. D(X) is an ideal, for every
subset X of BL-algebra L.

Proof. It is easy to see that 0 € D(X). We
assume r € L, s € D(X) and r < s. Then s~ —
x =1, for every x € X. By Proposition 2.1(9),
s~ < r—. Therefore r—— < s~ and s~ —
rz <r 7 = x. Weconclude 1 <r=—— — z, ie.,
r~~ - xz=1and r € D(X).

Suppose r, s € D(X). We have to prove r © s €
D(X). Suppose it is not, i.e., (r@s)”~ = x # 1,
for some x € X, then x < r~=~ — s~ ~. By
Proposition 2.1(8), z < r~ — s~ and r~~ —
x<r " = (r- —s7). Sincer € D(X), r~~ —
x = 1. Therefore 1 <r~~ — (r~ — s7) and this
is a contradiction. Then r@s € D(X), i.e., D(X)
is an ideal. g

Theorem 3.3. Let L be a BL-algebra and X,Y C
L. Then the following statements hold:
(i) J(1) = D(1) = L;

(i) D(X) € J(X);
(iii) If a= — a = a, for all a € L, then
J(X) € D(X);

(iv) If X CY, then D(Y) C D(X).

Proof. (i) We know that, J(1) ={a € L| a —
l=1}=Land D(1)={a€Lla " —1=1}=
L.

(i) Let r € D(X). Then by Definition 3.2, r—= —

x =1, for all z € X. Since r < r~—~, by Propo-

sition 2.1(8), r~~ >z <r - zand 1 <r — «z,

ie, r—ax=1. Tt follows that r € J(X).

(iii) Let r € J(X). Then r — z = 1, for all

z € X. Since 0 < r, by Proposition 2.1(8), r~ —

0<r= —r,ie,r= —=0<r. Therefore r—— <r

andr -z <r - —x,ie, 1 <r~~ — z. Hence

r~~ —x=1and r € D(X).

(iv) Let » € D(Y). Then r—— — y = 1, for

all y € Y. Since X C Y, for every z € X,

r~- =z =11e,r e DX). O

Theorem 3.4. Let X be a subset of a BL-algebra
L. Then:
(i) D(X) = (1 D(z);
zeX
(i) If r € D(z), then x Ar~~
every x € X;
(ii¢) If f : L — L is a BL-homomorphism,
then f(J(x)) C J(f(x)), for all x € L.

Proof. (i) We have:
te D(X)

=r=—, for

St —sax=1, foreveryxe X

& te D{x},

& te () D{z}.
reX

(it) If r € D{z}, then r~~ — x = 1. From BLy,,
we conclude that, tAr~— =r~ " Ax=71r"" 0
(rr=—>az)=r—0l=r".

(iii) Let y € f(J(X)). Then y = f(a), for some
a€ J(X). Sincea -z =1, fla > z) = f(a) —
f(x) = f(1) =1, ie, y — f(x) = 1. Therefore
y € J(f(x)). O
Theorem 3.5. Let Ly be a BL-algebra and X,Y C
L. ThenD(XUY)=D(X)ND(Y)C D(XNY).

Proof. We know that, r € D(X UY)

S T s z=1,forevery z€e XUY
r " —sx=r"" —>y=1,for every x €
XandyeY

< reD(X)andr e DY)

< reDX)NDY).

for every x € X



SOME RESULTS ON IDEALS AND GO-DERIVATION IN BL-ALGEBRAS 5

Since X NY C X UY, by Theorem 3.3(iv),
D(XUY)C DXnNY). O
Theorem 3.6. Let L be a BL-algebra and X C
L. If I is an ideal of L, then D(F) = {%| (r——
x)- el, Vx e X}.

Proof. Since D(%) = {%| (5)~~ — (%) =
N e
Remark 2.2, we conclude that (r== — z)~ € .

We set D(I) = {r € L| r—= € I}, where I is an
ideal of BL-algebra L. If we consider the ideal
I = {0,a,b,c} of BL-algebra L in [6, Example
3.5], then we get D(I) = {0, a,b, c}. O

Theorem 3.7. Let I and J be two ideals of BL-
algebra L. Then the following statements hold:

(i) D(I) 1
(i) If I C J, then D(I) C D(J);

(iii) D(£mJ) D(1 )ﬂ?(J);
(i) sy = B O By

Proof. (i) Let r € D(I). Then r—~ € I. By
Definition 2.2 and the fact that » < »r~—,
rel.

(i) Let r € D(I). Then r—— € I. Since I C J,
r—— e J,ie,r e D(J).
(#i) We have,

reD(INJ)

we have

relnJ
r-—e€landr=" €J

r € D(I) and r € D(J)
re D(I)ND(J).

(iv) By a%plying (iv), toLquotient BL-algebra, we

=
=
=
s

have BT = DN DY’
Therefore,

_ r L
"= 5@ r D) € DO ADW)
Srj={sel|lr= D(I)gD(J)}
Srj={seLl(ros)V(s Or)

e D(I)nD(J)}

Srl={seL|(r-o©s)V(s-or)e DI)IN

{seLlr-os)V(s-or)e D)}
L L
Srle —=N——-—. ([l
"< bw " b
We recall that, if L; and Lo are two B L-algebras
then, L1 X Ly = {(a,b)| a € L1,b € Ly} is a BL-
algebra [16].

Theorem 3.8. If I and J are ideals of BL-
algebras Ly and Lo respectively, then the following
statements hold:
(i) I x J is an ideal of L1 X Lo;
(it) D(I x J) = D(I) x D(J);
L

L xL L )
(ii) D(IIX><JZ) ~ oM X D’

(iv) If J C D(I), then D(L) = 24

Proof. (i) It is trivial that (0,0) € I x J. Now
we suppose that (r,s), (t,z) € I xJ. Thenr,t € 1
and s,z € J. Since I and J are ideals, r 0t € I,
s@zed, le, (rot,soz)elxJ.

Let (r,s) < (t,z) and (t,z) € I x J. Then r <
t, s<z, teland z € J. This means that, r € [
and s € J, hence (r,s) € I x J.

(ii) We know that D(I x J) = {(r,s)| (r,s)"~ €
IxJ; relLq, s€ Ly}. Therefore,

(r,s)™7"€elIxJ & (r~,s 7 )elxJ
S rroelands — eJ
< reD()and s e D(J)
< (r )eD(I)xD(J)
(#ii) We define a mapping ¢ : L1 X Ly — () DL(f])

by (r,s) = ([r], [s]). It is easy to see that ¢ is an
onto BL-homomorphism. Moreover,

ker o = {(r, )| ¢(r,s) = ([0], [0])}

={(r,s)| (Ir], [s]) = ([0], [0])}

={(r,8)] [r] = [0], [s] = [0]}

=) 5y =01 7 = 0
By Remark 2.2, kero = {(r,s)| » € D(I),s €
D(J)} = {(r,s)| (r,s) € D(I) x D(J)}. By (ii),
ker g = D(I) x D(.J) = D(I x J).
(w) Since J C D(I) CI,D(4) ={[r] € &|[r]"~ €

} ={[r] € 71| [r="] € §} y Definition 2.2,

D(j) = %T]IE %\ r—— eI} ={[r] € %| r e
D)} = % 0

Theorem 3.9. Let I be an ideal of BL-algebra
of L. Then:
(i) If T is a prime ideal of L, then D(I) is a
prime ideal of L.
(i) If D(I) is a mazximal ideal, then I is a
mazximal ideal of L.

Proof. (i) Let I be a prime ideal of L and

rAs€ D). Then (rAs)"~ =r"~" As ~ €l
Since I is a prime ideal, 7=~ € T or s~ € I. This
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means that » € D(I) or s € D(I). Hence D(I) is
a prime ideal of L.

(#) Let D(I) be a maximal ideal. Since D(I) C I,
D(I) = 1. Thus I is a maximal ideal of L. O

Theorem 3.10. Let L1 and Ly be two BL-algebras,
I an ideal of Li and f L1 — Ls be a
BL-homomorphism. Then f(D(I)) C D(f(I)).

Proof. Let y € f(D(I)). Then y = f(r) for

some r € D(I). This means that =~ € I and
y~— = (f(r))~~ = f(r==) € f(I). Therefore
y € D(f(I)). O

Corollary 3.1. Let Ly and Lo be two BL-algebra,
J an ideal of Lo and f L1 — Ly be a
BL-homomorphism. Then D(f~(J)) = f~H(D(J)).
Proof. We know that,
te D(fTH(JI) &t e f(J)
S ftT)ed
< (f) " ed
< f(t) € D(J)
ate f7YD)). O
Corollary 3.2. Let I and J be two ideals of BL-
algebra L and J C 1. Then:
(i) D(I/D(J)) = D(I)/D(J) € D(I/.J);
(ii) D(D(1)) € D(I).
Proof. (i) Since J C I, by Theorem 3.7, D(J) C
D(I) € I. Since D(J) C J, by Theorem 3.8,
D(I)/D(J) € D(1)/J = D(I].J).

(ii) By Theorem 3.7, it is trivial. O

4. ®-DERIVATIONS ON BL-ALGEBRAS

In this section, we introduced some special ideals
and the notion of @-derivations on BL-algebras
and we obtain some new results.

Definition 4.1. Let L be a BL-algebra and ¢ :
L — L be a non-identity function. ¢ is a ®-
derivation on L if for every a,b € L:

pla®b) = (p(a) ©b77) V (p(a”) ©b).
Example 4.1. Let L = {0,a,b,1}, where 0 <
a<b<1. Define “® 7, “— 7 as follow:

©|0 a b 1 =10 a b 1
0/0 0 0 O 0j1 1 1 1
al0 0 a a ala 1 1 1
b0 a b b b0 a 1 1
110 a b 1 110 a b 1

Then (L,V,\,®,—,0,1) is a BL-algebra, we de-
fine 1,09 : L — L:

(i) ©1(0) = ¢1(1) =0, p1(a) = a, p1(b) =b;

(i1) 3(0) = p2(1) = 0, g2(a) = b, walb) = a.

It is clear that ¢1 and s are ®-derivations on L.

Theorem 4.1. Let ¢ be a ®-derivation on BL-

algebra L. Then the following statements hold,
for all a,b e L:

(i) ¢(0) = 0;

(i) a < b implies p(a) < b~ =, pla™) <b~~;
(iii) p(a) < a7, pla”) <a”~;
(iv) (1) =0 and if p(a) =1, then a— = 0;

(v) p(a™) < p(a);
(vi) p(a™) < (p(a))™.

Proof. (i) We know ¢(0) = ¢(0 ® 0). By Defi-
nition 4.1, we have, p(0©0) = (¢(0)®0)V (¢(1)®
0) =0V 0 = 0. Therefore ¢(0) = 0.

(ii) Since a < b, a @ b~ = 0. By Definition 4.1,
0=0(0)=p(@ob™) = (p(a) ©b~ ") V(p(a™)®
b~). Then (p(a) @b7) V (pla™) ®b~) = 0, i.e,
p(a) @b =0 and p(a”) ®©b~ = 0. This means
that p(a) < b~ " and p(a™) < b™~.

(iii) By (i7) and taking a = b, it is clear.

(iv) By (i), by taking a = 0, ¢(07) < 0™, hence
»(1) <0, ie, (1) = 0. By (i4i) and assumption
p(a) = 1, therefore 1 < a~ 7, ie,, a=~ = 1. This
means that a= = 0.

(v) By Definition 4.1, p(a) = p(a ©® 1) = (p(a)
D V(pla™)©1) =¢(a) Ve(a). Then p(a™)
e(a).

(vi) By (iii), ¢(a) < a~~, hence p(a™) < a” "~
and a” =~ < (¢(a))”. Therefore p(a™) < (p(a))”. O

©
<

Theorem 4.2. Let ¢ be a ©-derivation on BL-
algebra L. Then the following statements hold for
all a,b e B(L):

(i) p(a) © o(b) < p(a®b);

(ii) p(a Nb) =b A (p(a) Vp(a7)).

Proof. (i) By Theorem 4.1(iii), ©(b) < b~
hence ¢(a) © ¢(b) < p(a) ©b™" < (p(a) © b) V
(p(a) ©b77) = p(a © b).

(i) By Theorem 2.1, a Ab=a® b and a~~ = a.

Then:

planb) =pla©b) = (p(a”) ©b)V(p(a) ©b77)
= (p(a™) AD)V (p(a) D)
=bA(p(a)Ve(ar)) O
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Theorem 4.3. Let ¢ be a ©-derivation on BL-
algebra L. If a © b= 0, then p(a) © p(b) = 0.

Proof. By Theorem 4.1(iii), p(a) < a=~
Then p(a) © p(b) <a " O pb) <a - b~ =
(a@b)""=0""=0,ie, pla) Op)=0. O
Theorem 4.4. Let ¢ be a ®-derivation on BL-
algebra L. Then:
pla” A7) <plaVb), ¢la” Vb~

) < planbd).
Proof. We know that p(a™) <

¢(a), then
plaANb)™ < plaAb) and p(a Vb))~ < @(aVb).
By Proposition 2.1(14), we have p(a™ Vb7) <
wlaAb) and p(a™ A7) < @(aVb). O

Theorem 4.5. ¢ is a ®-derivation on BL-algebra
L if and only if o(a © b) = ¢(a) ® b=~ for all
a,be L.

Proof. Let ¢ be a ®-derivation. By part (v)
of Theorem 4.1, since ¢(a™) < p(a), p(a™) ®b <
(a) ®b and since b < b~ we have p(a™) ®b <
w(a)®b~ . Therefore (p(a™)Ob)V(p(a)ob™ ") =
pla) @b~ e, p(a®b) =p(a) ©b™ .
Conversely, now let p(a ®b) = ¢(a) ©b~~, for all
a,b € L. By Theorem 4.1, since p(a™) < ¢(a),

pla) b < pla) ©b < pla) ® b~~. Therefore
(p(a™)Ob)V(p(a)Ob™7) = p(a)Ob™~ = p(a®b).
Thus ¢ is a ®-derivation. g

Theorem 4.6. Let ¢ be a ®-derivation on BL-
algebra L. Then the following statements hold,
for all a,b,c € L, n € N:

(i) (a") = p(a) © (a= )

(i1) " (a ) = ¢"(a) & b

(it) p(a®b) © p(c®b™) =

Proof. (i) The proof is by induction on n. For
n =1, we have ¢(a) = ¢(a) ®1 = p(a) ® (a=7)°.
Now let for n = k, p(a¥) = p(a) ® (a= ")k L.
Putting n = k + 1. Then ¢(a*™!) = p(a* ® a) =
p(a)@a" = (p(a)o(a™ ) ) oa" =p(a)®
(@) oa ") =p(@) o (a)"
(#) The proof is by induction on n. For n = 1,
by Theorem 4.7, it is clear. Now, assume " (a ®

b) = p¥(a) ® b=~ for each positive integer k. Let
n =k + 1. Then ¢**1(a ®b) = p(p*(a © b)) =
b@(s@’“(a) @b ) =" @) ObT T =M (a) &
(#i) By Theorem 4.7, p(a ® b) ® p(c ® b™) =
(0(a) ©b=) & (9(c) O b) = (p(a) © b~ ) @
(p(c)Ob7) = (p(a) Op(c)) © (b~ Ob7) = (p(a)O

() ©0=0. O

Theorem 4.7. Let p1 and py be two ®-derivations
on BL-algebra. Then @1 o s is a ®-derivation.

Proof. Let ¢; and ¢y be two ®-derivations.
By Theorem 4.7, (p1 0 ¢2)(a ® b) = ¢1(p2(a ®

b)) = p1(p2(a) ©b™7) = p1(p2(a)) @b, ie,
(p1092)(a®b) = (¢10p2)(a) ®b™ . Therefore
(1 0 o is a O-derivation. 0

Definition 4.2. Let L be a BL-algebra and a €
L. We define the function ¢, : L — L by @4 (r) =
a®@r-—,forall r € L.

Theorem 4.8. Let L be a BL-algebra. Then the
following statements hold, for all r,s € L:
(i) pa is a ©-derivation;
(”) 900(7‘) = 07 @1(7’) =r
(Z“) <,0a/\b(7") = CPa(T)/\QPb(T), ‘pa\/b(r) =
(pb(T);
(iv) @o(r A S)
©a(r) V @a(s);
(v) a(r") = @a(r) © (r=—
(Vi) (a © @b)(T) = P(pa (b)) (T)-

Pa(r)V
= 0a(r) A pa(s), pa(rVs) =

)

)nfl .

Proof. (i) By Definition 4.2, p,(r ® s) = a ®
(r ® s)~~. By Proposition 2.1(11), pu(r © s) =
a®(r=—es ) =(a®r )08 = pu(r)Os
(i) By Definition 4.2, po(r) = 0©r~~ = 0 and
pr(r)=10r——=r"".

(7ii) By Definition 4.2, @oap(r) = (aAb) O 1™~ =
r~~ ® (a Ab). By Proposition 2.1(13), @ans(r) =
(rrmea A~ 00b)=>@or )AboOr )=
©a(r) © @p(r). In the similar way, we can prove,
Pave(r) = @a(r) V op(r).

(iv) By hypothesis, ¢, (rAs) =a® (rAs)”~. By
Proposition 2.1(11), (13), wa(rAs) =a® (r~— A
sTT)=(a0r T )A(a®sT ) = @u(r) Apa(s). It
is proved similarly way, @q(rV 8) = @q (1) V dy(s).
(v) The proof is by induction on n. For n = 1, we
have ¢, (r) = ¢a(r) © 1 = @u(r) © (r~7)°. Now
suppose 94 (%) = pa(r) © (r~7) =1 for each pos-
itive integer k. Let n = k + 1. Then ¢, (r*+1) =
po(rtor) = @a( F)or=T. Assuming, @, (r* ) =
(pa(r) @ (1) Or = pu(r) & ((r )1 ©
rT7) =¢a(r) © (r )"
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(vi) We have (4 0 ¢p)(r) = @alpp(r)). By Defi-
nition 4.2,

(¢a 0 @p)(r) =

|
S
®

TR
-~ Q 2
Q
© 9990
SS S
[
PENORNC)
o)
ﬁﬁ|\§|
4
|

=wa(b)OT

= Ploa®) (1) O
Definition 4.3. Let L be a BL-algebra and as-
sume that A : L — L be a BL- homomorphism.

A function ¢ : L — L is called a A-derivation, if
for all a,b € L, p(a®b) = A(b) © (¢(a) V ¢(b))

Example 4.2. If we consider the BL-algebra in
Ezample 3.1, A\ =1 and ¢ : L — L by p(b) =
a, p(a) = a,9(0) = 0 and (1) = 1, then @
is a A\-derivation, since o(a ® b) = p(a) = a and
AD)O(p(a)Ve(b) = bO(aVa) = bOa = a®b = a.

Theorem 4.9. Let ¢ be a A\-derivation on BL-
algebra L. Then for every a,b € L:

(1) ¢(0) = 0;

(i) p(a™) = Ma") © p(a), forn > 2;

(iii) If a < b, then p(a) < X7 (b). In particu-
lar, (a) < A~ (a);

(iv) p(1) < (a);

(v) If p(1) =1, then p(a) = 1;
(vi) a < b implies p(a) © A\(b) = A(a).

Proof. By Definition 4.3, we have:

(i) (0) = 9(0© 0) = A0) © (p(0) V ¢(0)) =
0® ¢(0) = 0.
(%) The proof is by induction on n. For n = 2, we
have, ¢(a®) = p(a ®a) = Aa) © (p(a) V ¢(a)) =
Aa) ® p(a). Now suppose p(a’) = A(a*) ® ¢(a).
Therefore ¢(a*) < op(a). Let n = k + 1, thus
P(a1) = pla © a¥) = A(a") © (p(a) V p(a").
Since p(a%) < p(a), p(a") v p(a) = p(a). There-
fore p(a™*!) = A(a*) © p(a).
(7i) If a < b, then a©b~ = 0. By (i), 0 = ¢(0) =

a®b™) = A(b") ® (2(a) V (b)) By Proposi-
tion 2.1(13), 0 = (A(b™) ©p(a)) V(A(L™)@e(b7)).

Therefore A(b™)O¢(a) = 0 and A(b™)©p(b™) = O
Since A(b™) = (A(b))” = A7 (b), A7(b) ® p(a) =
and A7 (b) ® p(b~) = 0. Thus ¢(a) < A~ (b )
Now by taking a = b, we have p(a) < A~ (a).
(iv) By Definition 4.3, p(a) = ¢(a® 1) = A(1) ®
(pla) V(1)) =10 (p(a) V(1) = ¢(a) V o(1),

ie., o(1) < p(a)

(v) By (i), (1) < ¢(a). Then 1 < ¢(a). There-
fore p(a) = 1.

(vi) Since a < b, aAb = a. Then p(a) = p(anb) =
b ® (b —a)) < Ab— a) = Ab) = A(a). This
means that ¢(a) © A(b) = A(a). O

Theorem 4.10. If ¢ is a A-derivation on BL-
algebra of L, then ker ¢ is closed under the oper-
ation “® 7

Proof. Suppose a,b € kerp. Then ¢(a) =
@(b) = 0. Thus, o(a® b) = A(b) © (#(a) V ©(b)).
Therefore, p(a®b) = (A(b) ©p(a)) V (A(b) ©¢(b)),

hence ¢(a ®b) < p(a) V @(b) = 0V 0 = 0. This
means that ¢(a®b) = 0, i.e., a®b € ker ¢. There-
fore, ker ¢ is closed with respect to “ ® ”. O

5. CONCLUSION

In summary, this paper focuses on some no-
tions in the field of BL-algebras. The primary ob-
jective was to introduce some special ideals within
the framework of B L-algebras, unveiling their prop-
erties and establishing relationships between them.
Additionally, we introduced a novel definition of
®-derivation and A-derivation for B L-algebras, and
presented new and noteworthy properties associ-
ated with these derivations. We hope that the re-
sults of this paper can be more clarify the nature
of ideals and ®-derivation in B L-algebras and will
be a foundation for further research and explo-
ration in this algebraic structures.
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