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A B S T R A C T

In this paper, an epidemic model with fuzzy parameters for spreading
COVID-19 in a population is considered. The sensitivity analysis is used to
determine the model robustness to parameter values of the model. The basic
reproduction number of the epidemic model denoted by R0 determines the
dynamics of the model. Then, in order to examine the relative importance
of different parameters in the COVID-19 spread, we derive an analytical
expression for the sensitivity of the basic reproduction number R0, namely
sensitivity index, with respect to each parameter involved in the model. Finally,
sensitivity analysis results and the numerical simulations of the model are given
with different parameter values.
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1 Introduction

Mathematical models have been widely used to de-
scribe the spread of diseases and infections in human
populations [1–3]. They help scientists to better un-
derstand the effects of intervention strategies on dis-
ease control. The SIR epidemic model has been used
as a framework to investigate COVID-19 infection [4–
7]. In [8], authors considered the SIR model (1) and
introduced a fuzzy epidemic model by considering
parameters of the infection rate, recovery rate, and
rate of deaths caused by COVID-19 as fuzzy numbers,
and constructing their membership functions.

dS

dt
= κ− β(1− τ)(1− π)SI − (κ+ τ + π)S,

dI

dt
= β(1− τ)(1− π)SI − (κ+ κc + θ + γ)I,

dR

dt
= (θ + γ)I + (π + τ)S − κR,

(1)
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where S, I and R are the numbers of susceptible,
infected and recovered individuals, respectively. β
denotes the contact rate, γ is the recovery rate, θ is
the treatment rate, π and τ are proportions of the
impact of vaccination and compliance with health
protocols, κ and κc are birth (and also natural death)
rate and death rate due to COVID-19, respectively.

They obtained two equilibria of the fuzzy model:
the disease-free equilibrium as

E0 =
(
S0, I0, R0

)
=

(
κ

(κ+ τ + π)
, 0,

π + τ

κ+ τ + π

)
,

and the endemic equilibrium E1 = (S∗, I∗, R∗) with

S∗ =
κ+ κc(η) + θ + γ(η)

β(η)(1− τ)(1− π)
,

I∗ =
κ

κ+ κc + θ + γ
− κ+ τ + π

β(1− τ)(1− π)
,

R∗ =
(θ + γ(η))Ī + (π + τ)S̄

κ
.

Moreover, using the next generation matrix method
the fuzzy basic reproduction number was given as

R0 =
β(1− τ)(1− π)κ

(κ+ τ + π)(κ+ κc + θ + γ)
,
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where parameters β, κc, and γ are fuzzy numbers.
Moreover, by obtaining the eigenvalues of the Jaco-
bian matrix of system (1) at E0, it was proven that
all eigenvalues have negative real part if and only if
R0 < 1 and thus the disease-free equilibrium E0 is
stable if R0 < 1 and it is unstable if R0 > 1. In ad-
dition, it was shown that the endemic equilibrium
E1 exists and by properties of the second additive
compound matrix they concluded that it is stable
if R0 > 1. Thus at R0 the stability of the system
changes and it has a bifurcation. Also, the effect of
parameters on R0 was examined via numerical simu-
lations and they concluded that vaccination and fol-
lowing health protocols have the most impact (even
more than treatment) on reducing or controlling the
infection.

In this paper, we use the sensitivity analysis to
discover those parameters that have a high impact on
the model studied in [8]. Since the basic reproduction
number determines the dynamics of the model, we
apply the sensitivity analysis to understand how each
parameter influences the basic reproduction number.
Indeed, using this technique we establish an efficient
way to reduce R0 and thus control the spread of
COVID-19.

In the next section, we apply sensitivity analysis of
the model. In Section 3 the simulations of the model
are performed and the results obtained by sensitivity
analysis are considered numerically. Finally, the re-
sults of the paper are summarized in the conclusion
section.

2 Sensitivity analysis

The study of how much uncertainty in each param-
eter (input) of a variable affects uncertainty in the
variable (output) is known as sensitivity analysis. If
a variable is a differentiable function of the parame-
ter, the sensitivity index may be alternatively defined
using partial derivatives [3, 9, 10].
Definition 1. The normalized forward sensitivity
index of variable Y that depends differentiably on a
parameter x, is defined by SYx = x

Y ×
∂Y
∂x .

The sign of the sensitivity index SYx shows the
positive or negative impact of the parameter x on
variable Y . If SYx > 0, then the value of variable
Y increases whenever the value of the parameter x
increases and if it is negative, then the value of Y
decreases whenever the value of the x increases. Also,
the magnitude of SYx shows the increase or decrease
amount of Y compared with changes in x.

Since the dynamics of model (1) is determined by
the basic reproduction number R0, we calculate the
sensitivity indices for its parameters, which include
seven parameters β, τ , π, κ, κc, θ and γ. After cal-
culating, we get the following normalized forward

sensitivity indices for R0:

SR0
τ =

τ

1− τ
× −(1 + κ+ π)

κ+ τ + π
< 0,

SR0
π =

π

1− π
× −(1 + κ+ π)

κ+ τ + π
< 0,

SR0
κ = 1− κ

( 1

κ+ τ + π
+

1

κ+ κc + θ + γ

)
,

SR0
κc = − κc

κ+ κc + θ + γ
< 0,

SR0

θ = − θ

κ+ κc + θ + γ
< 0,

SR0
γ = − γ

κ+ κc + θ + γ
< 0,

SR0

β = 1.

We see that SR0

β > 0, but SR0
x < 0 for x = τ, π, κc, θ

and γ. Also the sign of SR0
κ is determined after as-

signing values to parameters. Thus, any increase (or
decrease) in values of β yields to increase (or de-
crease) in the value of R0. However, when the value
of any of parameters τ, π, κc, θ and γ is increased (or
decreased), the value of R0 will be decreased (or in-
creased).

3 Numerical results

Consider the parameter values in Table 1 for parame-
ters in the model introduced by system (1) and their
corresponding sensitivity indices with respect to R0

as a differentiable function. Sensitivity indices show
how a change in each parameter will impact R0. For
instance, for these parameter values we have R0 =
0.0984, while an increasing β by %10, yields also to
a %10 increase in R0, that is, for β = 0.9928, we get
R0 = 0.1082. While increasing γ by %10, causes a
reduction of %4.123 on R0, that is, for γ = 0.2209,
we find R0 = 0.0945. Also, from Table 1 we find that
vaccination and obeying health protocols have more
impact than treatment on reducing R0.

Now, suppose τ = 0 and π = 0 and other parame-
ters have values as in Table 1. Considering the unit
of time as one day, and initial population as S(0) =
270000, I(0) = 460, R(0) = 385 thousand individu-
als (that are scaled via dividing by total population),
the solutions of the model for these sets of parameter
values have been simulated using MATLAB software
and results have been shown in Fig. 1.

4 Conclusion

Applying the sensitivity analysis to the basic repro-
duction number of the model, the sensitivity indices
were found for each parameter. It was shown that
SR0

β > 0 and SR0
x < 0 for x = τ, π, κc, θ and γ. Thus,

any decrease in contact rate β yields to decrease in
R0 and causes the control of the COVID-19 infec-
tion. Also, any increase in recovery and treatment
rates γ and θ decrease the R0 as well as increase in
proportions of vaccination and health protocols and
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Table 1. Parameters of the model and their sensitivity index.

Parameter x Description Parameter value SR0
x

β Contact rate 0.9025 +1

τ Impact of health protocols 0.05 -0.5232

π Impact of vaccination 0.05 -0.5232

κ Birth and natural death rate 0.00625 +0.9283

κc Death rate due to infection 0.08004 -0.1643

θ Treatment rate 0.2 -0.4106

γ Recovery rate 0.20083 -0.4123
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Fig. 1. Number of susceptible, Infected and recovered individuals for different parameter values. The solid (blue) curves
show the solutions of the model for parameter values in Table 1. In this case R0 = 0.0984 < 0 and thus the COVID-19
infection will be wiped out. The dashed (red) curves are solutions with the same parameters except that τ = π = 0 which
yields to R0 = 2.0529 > 1. Therefore the infections will remain at a positive level.

thus lead to a similar result. The results showed that
according to the effect of various parameters on the
reduction of the basic reproduction number R0, social
distancing (reduction of contact rate), vaccination
and adherence to health protocols play a significant
role in controlling the infection.

Conflict of interest

The authors declare that they have no conflict of
interest.

References

[1] R. Akhoondi and R. Hosseini, “A novel fuzzy-
genetic differential evolutionary algorithm for

optimization of a fuzzy expert systems ap-
plied to heart disease prediction,” Soft Com-
put. J., vol. 6, no. 2, pp. 32–47, 2018, dor:
20.1001.1.23223707.1396.6.2.3.7 [In Persian].

[2] R. Taimourei-Yansary, M. Mirzarezaee,
M. Sadeghi, and B. N. Araabi, “Predicting inva-
sive disease-free survival time in breast cancer
patients using graph-based semi-supervised
machine learning techniques,” Soft Com-
put. J., vol. 10, no. 1, pp. 48–69, 2021, doi:
10.22052/scj.2022.243330.1039 [In Persian].

[3] M. Parsamanesh and M. Erfanian, “Global dy-
namics of a mathematical model for propagation
of infection diseases with saturated incidence
rate,” J. Adv. Math. Model., vol. 11, no. 1, pp. 69–



Soft Computing Journal, vol. 12, no. 1, pp. 34–37 37

81, 2021, doi: 10.22055/jamm.2020.33801.1822
[In Persian].

[4] A. Ajbar, R. T. Alqahtani, and M. Boumaza,
“Dynamics of an sir-based covid-19 model with
linear incidence rate, nonlinear removal rate, and
public awareness,” Front. Phys., vol. 9, p. 634251,
2021, doi: 10.3389/fphy.2021.634251.

[5] S. I. Vinitsky, A. A. Gusev, V. Derbov, P. M.
Krassovitskiy, F. Pen’kov, and G. Chuluun-
baatar, “Reduced sir model of covid-19 pan-
demic,” Comput. Math. Math. Phys., vol. 61, pp.
376–387, 2021, doi: 10.1134/S0965542521030155.

[6] X. Chen, J. Li, C. Xiao, and P. Yang, “Numerical
solution and parameter estimation for uncertain
SIR model with application to COVID-19,” Fuzzy
Optim. Decis. Mak., vol. 20, no. 2, pp. 189–208,
2021, doi: 10.1007/S10700-020-09342-9.

[7] N. Djenina, A. Ouannas, I. M. Batiha, G. Grassi,
T.-E. Oussaeif, and S. Momani, “A novel
fractional-order discrete sir model for predicting
covid-19 behavior,” Mathematics, vol. 10, no. 13,
2022, doi: 10.3390/math10132224.

[8] A. Akrami and M. Parsamanesh, “Investigation
of a mathematical fuzzy epidemic model for the
spread of corona-virus in a population,” Soft
Comput. J., vol. 11, no. 1, pp. 2–9, 2022, doi:
10.22052/scj.2022.246053.1045 [In Persian].

[9] A. Abidemi, M. Abd Aziz, and R. Ahmad, “Vac-
cination and vector control effect on dengue
virus transmission dynamics: Modelling and sim-
ulation,” Chaos Solitons Fractals., vol. 133, p.
109648, 2020, doi: 10.1016/j.chaos.2020.109648.

[10] N. Chitnis, J. M. Hyman, and J. M. Cushing,
“Determining important parameters in the spread
of malaria through the sensitivity analysis of a
mathematical model,” Bull. Math. Biol., vol. 70,
pp. 1272–1296, 2008, doi: 10.1007/s11538-008-
9299-0.


	1 Introduction
	2 Sensitivity analysis
	3 Numerical results
	4 Conclusion

